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Abstract
Let G be compact abelian group such that w(C(G)) = w(C(G))ω. We prove that if∣∣C(G)∣∣m(G/C(G)),
then G contains a dense pseudocompact subgroup without non-trivial convergent sequences, where C(G) is the component of the
identity of G and m(G) is the smallest cardinality of a dense pseudocompact subgroup of G. As a consequence we obtain the
following:
(1) Every compact connected abelian group of weight κ with κ = κω has a dense pseudocompact subgroup without non-trivial
convergent sequences.
(2) [GCH] Let G be a compact abelian group whose connected component has weight κ with κ = κω. The following assertions
are then equivalent:
(i) Every dense pseudocompact subgroup of G has a non-trivial convergent sequence.
(ii) One of the following two conditions is satisfied:
(a) For some n < ω, nG is infinite and cf(w(nG)) = ω.
(b) |C(G)| <m(log(r0(G/C(G)))).
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In 1967, A.V. Arhangel’skiıˇ posed the question of the existence of a pseudocompact topological group without non-
trivial convergent sequences at the Topology Seminar of the Moscow State University. Two years later, S.M. Sirota
constructed such a topological group in [22]. The original problem of A.V. Arhangel’skiıˇ is equivalent to the problem
of the existence of a dense pseudocompact subgroup of a compact group without non-trivial convergent sequences.
J.J. Dijkstra and J. van Mill [7] gave several conditions for the existence of dense pseudocompact subgroups without
non-trivial convergent sequences in a given compact group improving some of the conditions of [19] and [24]. The
problem of the existence in ZFC of a countably compact group without non-trivial convergent sequences is still an
open question: Several examples are given in [9,10,13,14,23], but all of them use either some set-theoretic axiom
compatible with ZFC or a forcing construction. In this paper, we will enlarge the list of compact groups that admit a
dense pseudocompact subgroup without non-trivial convergent sequences and point towards a classification of them.
We remark that the condition w(G) < w(G)ω is essential since V.I. Malykhin and L.B. Shapiro [19] proved that,
under GCH, every pseudocompact group G with w(G) < w(G)ω has a non-trivial convergent sequence (this result is
improved in [7]). On the other hand, the authors of [12] proved that it is independent from the axioms of ZFC that the
compact group Z(2)ℵω admits a dense pseudocompact subgroup without non-trivial convergent sequences.
All the topological groups will be Hausdorff. The identity element of an arbitrary abelian group will be simply
denoted by 0. The order of an element g ∈ G will be denoted by o(g), this is the smallest integer m such that
mg = 0. If G is an abelian group, t (G) will denote the torsion subgroup of G. If π :G → H is a homomorphism, then
π∗ :Gκ → Hκ will denote the homomorphism given by π∗(x)(ξ) = π(x(ξ)), for each ξ < κ and x ∈ Gκ . Let G be
a topological group and let 1 < κ be a cardinal number, for g ∈ G the constant function whose domain is κ and takes
only the value g will be denoted by g. The set ΔG = {g: g ∈ G} is called the diagonal subgroup of Gκ . The symbol
T will stand for the unit circle and ∼= will mean topologically isomorphic. If m and n are integer numbers, the symbol
m|n should be read as m divides n.
2. The main results
We recall that a finite subset {g1, . . . , gk} of an abelian group G is said to be independent if gi = 0 for all 1 i  k,
and n1g1 + · · · + nkgk = 0, with ni ∈ Z for each 1  i  k, implies that nigi = 0 for every 1  i  k. An infinite
subset L of G is called independent if every finite subset of L is independent.
In our first lemma we use the following property of a collection of topological groups {Gα: α < κ}: If there are
β < κ and g ∈ Gβ such that o(g) /|n, then for every
X ∈ [κ]<κ there are α ∈ κ \X and h ∈ Gα such that o(h) /|n. (∗)n
Lemma 2.1. Let {Gα: α < κ} be a collection of topological abelian groups such that w(Gα)  κ = κω, for every
α < κ , and (∗)n holds for every 1 n < ω. Then, for each y ∈∏α<κ Gα , there is a Gδ-dense, independent subset A
of ∏α<κ Gα of size κ such that if S,T ∈ [A]ω are disjoint, then we can find γ < κ satisfying that x(γ ) = 0, for all
x ∈ S, and x(γ ) = y(γ ), for all x ∈ T . If, in addition, y(α) is torsion-free, for every α < κ , then 〈A〉 is a free group.
Proof. To prove this lemma we start with the basic idea of the proof of Theorem 3 from [7] to make our set Gδ-dense.
For each α < κ , fix a Gδ-dense subset Dα of Gα with |Dα|w(Gα)ω  κω = κ . Enumerate D =⋃I∈[κ]ω ∏α∈I Dα
as {xμ: μ < κ}. Let {(Eθ , σθ ): θ < κ} be an enumeration of all pairs (E,σ ) where E ∈ [κ]<ω \ {∅} and σ :E → Z
is a function, and let {(Sθ , Tθ ): θ < κ} be an enumeration of all pairs (S,T ) where S,T ∈ [κ]ω are disjoint. We may
assume that (Sθ ∪ Tθ )∩Eθ = ∅, for every θ < κ . We shall extend each xμ to κ by using transfinite induction. Indeed,
fix λ < κ . Let us assume that for every μ < κ we have extended each xμ so that |dom(xμ)| < κ and, for each θ < λ
there is γ < κ satisfying the following:
(1) xμ(γ ) = 0, for all μ ∈ Sθ ,
(2) xμ(γ ) = y(γ ), for all μ ∈ Tθ , and
(3) if there are μ0 ∈ Eθ , β < κ and g ∈ Gβ such that o(g) /\σθ (μ0), then ∑ σθ (μ)xμ(γ ) = 0.μ∈Eθ
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( ⋃
μ∈Sλ
dom(xμ)
)
∪
(⋃
μ∈Tλ
dom(xμ)
)
∪
( ⋃
μ∈Eλ
dom(xμ)
)∣∣∣∣∣< κ.
Hence, we can choose
δ ∈ κ \
[(⋃
μ∈Sλ
dom(xμ)
)
∪
(⋃
μ∈Tλ
dom(xμ)
)
∪
( ⋃
μ∈Eλ
dom(xμ)
)]
.
Then, for each μ ∈ Sλ ∪ Tλ ∪Eλ we may extend xμ to a suitable δ < κ so that:
(i) xμ(δ) = 0, for all μ ∈ Sλ.
(ii) xμ(δ) = y(δ), for all μ ∈ Tλ.
(iii) Suppose that there are μ0 ∈ Eθ , β < κ and g ∈ Gβ such that o(g) /| |σθ (μ0)|. Since the collection {Gα: α < κ}
satisfies property (∗)n for every n, the ordinal number δ < κ can be chosen so that there exists h ∈ Gδ with
o(h) /| |σλ(μ0)|. Then, we define xμ(δ) = 0 for each μ ∈ Eλ \ {μ0}, and xμ0(δ) = h. So, we have that∑
μ∈Eλ
σλ(μ)xμ(δ)σλ(μ0)xμ0(δ) = σλ(μ0)h = 0.
To complete the extension of xμ, we define xμ(ξ) = 0 for those coordinates ξ < κ where xμ has not been defined
above, for each μ< κ . It is clear from the construction that A = {xμ: μ< κ} satisfies all the requirements. 
As a consequence of Lemma 2.1, we get the following small strengthening of Theorem 3 from [7] for the case
when τ = ω.
Proposition 2.2. Let {Gα: α < κ} be a collection of topological abelian groups such that o(Gα)  m < ω and
w(Gα) κ = κω , for every α < κ , and (∗)n holds for each 1 n < ω. Then, ∏α<κ Gα has a Gδ-dense, independent
subset A such that 〈A〉 does not have non-trivial convergent sequences.
We remark that the existence of an enumeration {Gα: α < κ} satisfying (∗)n, for all 1 n < ω, yields a Gδ-den-
se, independent subset A of the product
∏
α<κ Gα such that 〈A〉 does not have non-trivial convergent sequences.
J.J. Dijkstra and J. van Mill [7] pointed out that if n = ab, where a, b > 1 are integers, and κ is an arbitrary infinite
cardinal number, then every dense subgroup of Z(n)ω × Z(a)κ has a non-trivial convergent sequence. Thus, the
product Z(n)ω × Z(a)κ does not allow such enumeration since ω < cf(κ) due to κ = κω . In general, it is clear that the
product Z(n)cf(κ) × Z(a)κ satisfies (∗)a iff k is regular.
The next lemma may be stated as the previous one for arbitrary products, but its present form is sufficient for our
purposes.
Lemma 2.3. Let G1 be a topological abelian group of weight κ with κ = κω and let π :G1 → G2 be a continuous
epimorphism. Assume as well that the topological group G2 contains a free group H without non-trivial convergent
sequences. Under these hypothesis there are a free subgroup F of Gκ1 and a free subgroup K of G1 with |K| |H |
such that F ∩ΔK = {0} and π∗[F ⊕ΔK] is a group without non-trivial convergent sequences.
Proof. Let {hη: η < α} be a free basis for H . Then, H = 〈{hη: 1 η < α}〉 and |H | = α. For each η < α, we choose
gη ∈ G1 such that π(gη) = hη . Then, we define K = 〈{gη: 1 η < α}〉. Observe that K is a free group. Let A be an
independent subset of Gκ1 satisfying the properties of Lemma 2.1 for y = g0. Let x ∈ F := 〈A〉. Since g0 is torsion-
free we must have that F is a free group. Then, x =∑ni=0 aifi , where fi ∈ A for each i  n. By using Lemma 2.1,
we can find δ < κ such that x(δ) =∑ni=0 aifi(δ) =∑ni=0 aig0 and since 〈g0〉 ∩K = {0}, we obtain that F ∩K = {0}.
This shows that F +ΔK = F ⊕ΔK . Now, let (zn + gηn)n<ω be a sequence in F ⊕ΔK , where zn ∈ F and gηn ∈ K ,
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there is λ < κ such that f (λ) = 0, for every f ∈ {fn,i : i  kn,n < ω}. Hence,
π
(
(zn + vn)(λ)
)= π(zn(λ))+ π(vn)π( kn∑
i=0
an,ifn,i(λ)
)
+ π(vn),
kn∑
i=0
an,iπ
(
fn,i(λ)
)+ π(vn) = π(vn) ∈ H,
for every n < ω. Since H does not have non-trivial convergent sequences, we may then assume that vn = v ∈ K , for
all n < ω. Thus, we address our attention to the sequence (zn)n<ω which must satisfy one of the following mutually
exclusive properties:
Property I. There is a subsequence, denoted again as (zn)n<ω , such that
zn /∈
〈{fm,i : i  km,m < n}〉.
In this case, we may assume that fn,0 /∈ 〈{fm,i : i  km,m< n}〉, for each n < ω.
Property II. There is n0 <ω such that {zn: n < ω} ⊆ 〈{fn,i : i  kn, n n0}〉.
We shall prove that the sequence (π∗(zn + v))n<ω cannot be convergent if it satisfies Property I, and if the sequence
(zn + v)n<ω converges and satisfies Property II, then it must be eventually constant.
Case I: If (zn)n<ω satisfies Property I, then (π∗(zn + v))n<ω cannot converge.
In this case, we put T = {f2n,0: n < ω} and S = {fn,i : i  kn,n < ω} \ T . By Lemma 2.1, it is possible to find
γ < κ such that f (γ ) = 0 for each f ∈ S and f (γ ) = go for every f ∈ T . Then, we have that
π
(
(z2n + v)(γ )
) k2n∑
i=0
a2n,iπ
(
f2n,i(γ )
)+ π(v),
a2n,0π
(
f2n,0(γ )
)+ π(v) = a2n,0π(g0)+ v = a2n,0h0 + π(v),
for every n < ω. On the other hand,
π
(
(z2n+1 + v)(γ )
) k2n+1∑
i=0
a2n+1,iπ
(
f2n,i(γ )
)+ π(v)π(v),
for every n < ω. Since h0 has infinite order, then a2n,0h0 + π(v) = π(v) for each n < ω. Hence, we deduce that
(π∗(zn + v))n<ω cannot converge.
Case II: If (zn)n<ω converges and satisfies Property II, then (zn + v)n<ω must be eventually constant.
Enumerate the set Y = {fn,i : i  kn, i  n0} as {fi : 0 i  r}. Then, we may write each element of the sequence
as zn =∑ri=0 an,ifi . According to Lemma 2.1, for each i  r , we can find γi < κ such that fi(γi) = g0 and fj (γr ) = 0
if j = i and j  r . This implies that zn(γi) = an,ig0, for every i  r and for every n < ω. Hence,
π
(
(zn + v)(γi)
)= π(an,ig0)+ π(v)an,ih0 + π(v).
For the sequence (π∗(zn + v))n<ω to be convergent it is necessary that the sequence (an,ih0 + π(v))n<ω converges,
for every i  r . Since H does not contain non-trivial convergent sequences and H = 〈h0〉 ⊕ 〈{hη: 1  η < α}〉,
there exists k < ω such that an,i = am,i , for each i  r and for each n,m k. But, this means that zn∑ri=0 an,ifi =∑r
i=0 am,ifi = zm, for all i  r and for all n,m k. The sequence must therefore be eventually constant. 
Lemma 2.4. Let G1 be a topological abelian group of weight κ with κ = κω and let π :G1 → G2 be a continu-
ous group epimorphism, where the topological group G2 contains a free group H without non-trivial convergent
sequences.
If σ :L1 → L2 is a continuous group epimorphism between two topological groups L1 and L2 with m(L1) |H |,
then there is a Gδ-dense subgroup S of Gκ1 × L1 such that for every nontrivial sequence (zn)n<ω in S, the sequence
((π∗ × σ)(zn))n<ω of Gκ ×L2 has non-convergent first projection.2
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a set {hη: η < α} and gη is chosen so that π(gη) = hη, then F is constructed as the free group generated by a set A
with the properties of Lemma 2.1 for y = g0 and that K is generated by {gη: 1 η < α}. We prove in Lemma 2.3 that
F ∩ΔK = {0} and that π∗[F ⊕ΔK] is a group without non-trivial convergent sequences.
Let us next enumerate a Gδ-dense subset D of L1 as {dη: η < α} allowing repetitions if it is necessary, and
enumerate A as {fη: β < κ}. We finally define
S = 〈{( gη + fβ, dη): 1 η < α and β < κ}〉.
Claim 1. S is a Gδ-dense subgroup of Gκ1 ×L1.
Proof. Let U ×V be a basic Gδ-open set in Gκ1 ×L1. Then, choose dη ∈ V ∩D. Since −gη +U is also a Gδ-subset
of Gκ1 , we can find fβ ∈ (−gη +U)∩ F . It then follows that (gη + fβ, dη) ∈ S ∩ (U × V ). This shows Claim 1. 
Denote by p :Gκ2 ×L2 → Gκ2 the first projection.
Claim 2. If (zn)n<ω is a sequence in S, then (p[(π∗ ×σ)(zn)])n<ω is convergent if and only if it is eventually constant.
Proof. Observe that π∗[F ⊕ ΔK] is a group without non-trivial convergent sequences. Thus, Claim 2 follows from
the fact that p[(π∗ × σ)[S]) ⊆ π∗[F ⊕ΔK]. 
Claim 3. (π∗ × σ)[S] ∩ ({0} ×L2) = {(0,0)}.
Proof. Fix x ∈ (π∗ × σ)[S] ∩ ({0} ×L2). We have that x = (π∗ × σ)((∑il ni( gη + fβi ),∑il nidηi )) ∈ {0} ×L2.
Then,
∑
il niπ
∗( gη + fβi ) = 0. Choose γ < κ so that fβi (γ ) = g0 (it is here where we use the properties of A
obtained in Lemma 2.1), for every i  l. Hence, it follows that ∑il niπ∗(( gη + fβi )(γ )) =∑il ni(hη + h0) = 0.
Since H is a free group, we must have that ni = 0, for each i  l. So, ∑il ni(dηi ) = 0. This shows the claim. 
The theorem follows from Claims 1–3 because a sequence (zn)n<ω of S with ((π∗ × σ)(zn))n<ω convergent must
have an eventually constant first projection, but this means, by Claim 3 and the freeness of the group π∗[F ⊕ ΔK],
that the sequence (zn)n<ω itself is eventually constant. 
Corollary 2.5. Let G1 be a topological abelian group of weight κ with κ = κω and let π :G1 → G2 be a contin-
uous group epimorphism, where the topological group G2 contains a free group H without non-trivial convergent
sequences.
If σ :L1 → L2 is a continuous group epimorphism between two topological groups L1 and L2 with m(L1) |H |,
and ψ1 :Gκ1 × L1 → G and ψ2 :G → Gκ2 × L2 are continuous epimorphisms, G an arbitrary topological group,
satisfying ψ2 ◦ψ1 = π∗ ×σ , then there is a Gδ-dense subgroup S of Gκ1 ×L1 such that ψ1[S] is a Gδ-dense subgroup
of G without non-trivial convergent sequences.
Proof. We first obtain from Lemma 2.4 a Gδ-dense subgroup S of Gκ1 × L1 with the properties there specified. If
(ψ1(xn))n<ω is a convergent sequence in ψ1[S], then the sequence ((ψ2 ◦ ψ1)(xn))n<ω = ((π∗ × σ)(xn))n<ω will
converge as well and, by Lemma 2.4, (xn)n<ω (and hence (ψ1(xn))n<ω) will be eventually constant. Therefore, ψ1[S]
is a Gδ-dense subgroup of G without non-trivial convergent sequences. 
It should be remarked that the subgroup S of Gκ1 ×L1 given in Corollary 2.5 does not depend on the choice of the
epimorphisms σ , ψ1 and ψ2.
To state our next lemma we need some terminology:
For a group G and a point-separating subgroup H of Hom(G,T), the topological group topology on G induced by
H will be denoted by TH . The resulting topological group (G,TH ) is then totally bounded (and Hausdorff) (see [1,
4.2]). Conversely, if (G,T ) is a totally bounded abelian group and
Ĝ = {χ : χ ∈ Hom(G,T) is continuous}
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subgroup of Hom(Ĝ,T) by identifying each g ∈ G with the continuous homomorphism gˆ : Ĝ → T given by gˆ(χ) =
χ(g), for each χ ∈ Ĝ. We recall the reader that a sequence (xn)n<ω in a topological group G is called a Cauchy
sequence if for every neighborhood V of e there is k < ω such that xnx−1m ∈ V for every k  n,m < ω. It is not
difficult to see that if xn → x, then (xn)n<ω is a Cauchy sequence.
Lemma 2.6. Let G be an abelian group and H a point separating subgroup of Hom(G,T). If the topological group
(H,TG) is of second category, then (G,TH ) does not have non-trivial Cauchy sequences. In particular, (G,TH ) does
not have non-trivial convergent sequences.
Proof. Let (xn)n<ω be a Cauchy sequence in (G,TH ). Fix V a neighborhood of 1 in T which does not contain any
non-trivial subgroup of T. Pick a closed symmetric neighborhood W of 1 such that W +W +W ⊆ V . Now, for each
n < ω, we define
Hn =
{
χ ∈ H : χ(xi)− χ(xj ) ∈ W for all i, j  n
}
.
It is evident that each set Hn is closed in (H,TG), since W is closed and the elements of G are continuous functions
for this topology, and Hn − Hn, for each n < ω. To see that H =⋃n<ω Hn, we fix χ ∈ H . Choose ε > 0 so that{t ∈ T: |t − 1| < ε} ⊆ W . Since the sequence is Cauchy, there is n < ω such that xi − xj ∈ {x ∈ G: |χ(x) − 1| < ε2 }
provided that n  i, j < ω. It is then clear that χ ∈ Hn. Thus, H =⋃n<ω Hn. From the second category property
we deduce that some Hn0 will have a nonempty interior. Since the group (H,TG) is totally bounded, we can find
characters χ1, . . . , χm ∈ H so that
H =
m⋃
i=1
(χi +Hn0).
On the other hand, from the continuity of the characters χk we can find n1 such that
χk(xn − x′n) ∈ W for all n,n′  n1 and all 1 k m.
Let n2 = max(n0, n1) and fix χ ∈ H . We know that there are 1 k m and ψ1,ψ2 ∈ Hn0 such that χ = χk +ψ1 +ψ2.
If n,n′  n2, then we have that
χ(xn − xn′) = χk(xn − xn′)+ψ1(xn − xn′)+ψ2(xn − xn′) ∈ W +W +W ⊆ V.
Thus, we have shown that χ(xn − xn′) ∈ V , for every n,n′  n2 and for every χ ∈ H . If χ(xn − xn′) = 1 for some
χ ∈ H and some n,n′  n2, then some power of χ would send (xn − xn′) away from V , which is impossible. Hence,
χ(xn − xn′) = 1, for every n,n′  n2 and for every χ ∈ H . Since H separates points of G the sequence is constant
beyond n2. 
A general problem related to the previous lemma is to find conditions on a dense subgroup H of Ĝ in order that
(G,TH ) does not have non-trivial convergent sequences. In this direction, the authors of [15,16] have constructed a
first category measurable subgroup H of Ĝ such that (G,TH ) does not have non-trivial convergent sequences. The
paper [2] contains more results concerning this problem.
Lemma 2.7. Let κ be a cardinal such that κ = κω . Then the topological group Tκ has a free dense subgroup G
without non-trivial convergent sequences of cardinality |G| = 2κ .
Proof. We know from [3, Lemma 4.5] that T2κ has a dense pseudocompact subgroup H that is a free group on
κ generators. This group H is certainly a totally bounded Baire group whose topology is τĤ . Let us put G = Ĥ .
Observe that G is a free group on 2κ generators. Indeed, for every t ∈ {0,1}κ , the character χt (xξ ) = exp(2πt(ξ)i),
for every ξ < κ , lies in G, where {xξ : ξ < κ} is a maximal independent set that generates H . Then, {χt : t ∈ {0,1}κ}
is a maximal independent set that generates G. It follows from [6, 1.9] that (G,TH ) is dense topological subgroup
of Ĥd = Tκ , where Hd is the group H with the discrete topology. By Lemma 2.6, (G,TH ) does not have non-trivial
convergent sequences and |G| = 2κ . 
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of G, and m(G) will denote the smallest cardinality of a dense pseudocompact subgroup of G. For an infinite cardinal
number κ , we define m(κ) = m(G), where G is a compact group of wight κ (it is shown in [4] that m(κ) is well-
defined). Notice that m(G)w(G)ω . If G is an abelian group, then D(G) stands for some divisible hull of G.
Theorem 2.8. Let G be a compact abelian group such that w(C(G)) = w(C(G))ω . If∣∣C(G)∣∣m(G/C(G)),
then G contains a dense pseudocompact subgroup without non-trivial convergent sequences.
Proof. We put w(C(G)) = κ . Let A1 be a maximal independent subset of Ĝ, consisting of non-torsion elements.
From Lemma 24.4 and Theorems 24.15 and 24.25 of [17], we know that |A1| = κ . Hence, we may enumerate A1
as {aδ: δ < κ}. Let {Pη: η < κ} be a partition of κ so that |Pη| = κ , for each η < κ . Let us consider the subgroup
Hη = 〈{aδ: δ ∈ Pη}〉 of Ĝ, for each η < κ . We have that
〈A1〉 ∼=
⊕
η<κ
〈aη〉 ∼=
⊕
η<κ
Hη.
Observe that Hη ∼= ⊕κ Z, and that D(Hη) ∼= ⊕κ Q, for each η < κ . Let D(Ĝ) be a divisible hull of Ĝ. By
Lemma 16.2 of [11], we know that 〈A1〉 ⊕ t (Ĝ) is an essential subgroup of Ĝ and hence, by Lemma 24.3 from [11],
we may assume that⊕
η<κ
D(Hη)×D
(
t (Ĝ)
)∼= D(〈A1〉 ⊕ t (Ĝ))= D(Ĝ).
We have consequently the following chain of group embeddings:⊕
η<κ
Hη × t (Ĝ) → Ĝ →
⊕
η<κ
D(Hη)×D
(
t (Ĝ)
)
. (2.1)
By dualizing the inclusions Hη → D(Hη) and t (Ĝ) → D(t(Ĝ)), we get the epimorphisms:
Q̂κ ∼= D̂(Hη) πη−−−−→ Ĥη ∼= Tκ and ΔG σ−−−−→ G/C(G),
where ΔG denotes the dual of D(t(Ĝ)). Next, we dualize the embeddings given in (2.1) to get the following chain of
surjections:∏
η<κ
D̂(Hη)×ΔG ψ1−−−−→ G ψ2−−−−→
∏
η<κ
Ĥη ×G/C(G).
These surjections behave in such a way that ψ2 ◦ ψ1 coincides with the surjection π∗ × σ :∏η<κ D̂(Hη) × ΔG →∏
η<κ Ĥη × G/C(G) induced by the πη’s. That is, if the vertical arrows represent the projections we have a commu-
tative diagram:∏
η<κ D̂(Hη)×ΔG
ψ2◦ψ1=π∗×σ−−−−−−−−−−−→ ∏η<κ Ĥη ×G/C(G)⏐⏐ ⏐⏐
D̂(Hη)×ΔG πη×σ−−−−−−−−−−→ Ĥη ×G/C(G).
By Example 3.1.7 and Proposition 3.1.8 of [8], we have that Ĥη is topologically isomorphic to Tκ . So, by Lemma 2.7,
Ĥη has a dense free subgroup H of size 2κ = |C(G)| without non-trivial convergent sequences. Since w(ΔG) =
w(G/C(G)), by Theorem 2.7 of [4], we know that m(ΔG) = m(G/C(G)). Hence, ΔG has a Gδ-dense subgroup
D of cardinality |D| = m(G/C(G)). Now we have by hypothesis that |D| = m(G/C(G))  |C(G)| = 2κ . We now
apply Lemma 2.5 to find a Gδ-dense subgroup S of
∏
η<κ D̂(Hη) × ΔG such that ψ1[S] is a dense pseudocompact
subgroup of G without non-trivial convergent sequences, as we desired. 
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connected compact abelian group with w(C) = w(C)ω and D is a totally disconnected compact abelian group. If
|C|m(D), then G has a dense pseudocompact subgroup without non-trivial convergent sequences.
Corollary 2.10. Every compact connected abelian group of weight κ with κ = κω has a dense pseudocompact sub-
group without non-trivial convergent sequences.
The following lemma is essentially due to L.C. Robertson [20, Prop. 3.3].
Lemma 2.11. Let G be a totally disconnected compact abelian group. Then,
lim
n→∞n!gn = 0,
where (gn)n<ω is a sequence in G. Thus, in a totally disconnected compact abelian group every non-torsion subgroup
contains a non-trivial convergent sequence.
It is shown in [7, Prop. 4] that every dense subgroup of (∏n<ω Z(2n))κ has a non-trivial convergent sequence, for
every cardinal number κ > 0. This fact follows directly from Lemma 2.11.
The next theorem follows directly from Lemma 2.11 and the fact that every pseudocompact abelian torsion group
has bounded order.
Theorem 2.12. If a totally disconnected compact abelian group contains a dense pseudocompact subgroup without
non-trivial convergent sequences, then it is a torsion group of bounded order.
Proof. Let G be a totally disconnected abelian group and let H be a dense pseudocompact subgroup of G without
non-trivial convergent sequences. According to Lemma 2.11, H must be a torsion group and since H is pseudocom-
pact, H has bounded order [4, Lemma 7.4]. Hence, G is a torsion group of bounded order. 
The previous theorem indicates that the study of totally disconnected compact abelian groups having a dense
pseudocompact subgroup without non-trivial convergent sequences, reduces to the study of compact torsion abelian
groups having a dense subgroup without non-trivial convergent sequences. A classification, using GCH, of such a
topological abelian groups can be found in [7] (see also the remarks therein for a discussion of what happens under
other set-theoretic assumptions compatible with ZFC). Next, we reformulate this classification.
Theorem 2.13. [GCH] Let G be totally disconnected compact abelian group. Then, G contains a pseudocompact
dense subgroup without non-trivial convergent sequences if and only if G is a torsion group and, for every m < ω,
either mG is finite or cf(w(mG)) > ω.
Proof. Assume GCH.
Necessity. By Theorem 2.12, we must have that G is a torsion group. The conclusion now follows from Corollary 6
of [7].
Sufficiency. This is the implication (2) ⇒ (1) of Corollary 6 from [7]. 
Once the connected and totally disconnected compact abelian groups that contain dense pseudocompact groups
without non-trivial convergent sequences have been considered, we turn our attention to mixed abelian groups. Lem-
ma 2.8 hints in the direction of comparing the size of C(G) with the cardinal number m(G/C(G)). Our next task
will be to show that this criterion may be conclusive to determine whether or not a compact abelian group has a
dense pseudocompact subgroup without non-trivial convergent sequences. We begin by showing that the inverse of
Corollary 2.9 holds under some additional hypothesis.
Corollary 2.14. Let G be a compact abelian group topologically isomorphic to a product C × D, where C is a
connected compact non-trivial abelian group with w(C) = w(C)ω and D is a totally disconnected compact torsion-
free abelian group. If G has a dense pseudocompact subgroup without non-trivial convergent sequences, then |C|
m(D).
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sequences. It is clear that |C| <m(D) |H |. Hence, ker(π) = ({0} ×D)∩H = 0, where π is the restriction to H of
the projection C ×D → C. Choose (0,0) = (0, t) ∈ ({0} ×D)∩H . Then, we have that ((0, n!t))n<ω is a non-trivial
sequence that converges to 0 and it is contained in H , but this is a contradiction. Therefore, |C|m(D). 
The following lemma follows from Proposition 1 from [18], but we will give a proof.
Lemma 2.15. Let G be a compact abelian group. If G/C(G) is either torsion-free or torsion, then G ∼= C(G) ×
G/C(G).
Proof. We recall that Ĝ/C(G) = t (Ĝ) [17, Cor. 24.20]. If G/C(G) is torsion-free, by Theorem 24.23 of [17], then
t (Ĝ) is divisible. If G/C(G) is a torsion group, then it has bounded order and hence t (Ĝ) is also a group of bounded
order. Thus, by Theorem A.8 of [17] and by Corollary 9.38 of [21], we may find in both cases a subgroup H of Ĝ for
which Ĝ = H ⊕ t (Ĝ). By dualizing, we get that G = Ĥ × (G/C(G)). By Theorem 24.25 of [17], we know that Ĥ is
connected. Hence, we deduce that H = C(G) since G/C(G) is totally disconnected [17, Theorem 7.3]. 
The following is a direct consequence of Corollaries 2.9 and 2.14 and Lemma 2.15.
Theorem 2.16. Let G be a compact abelian group with w(C(G)) = w(C(G))ω . If G/C(G) is torsion-free, then G
contains a dense pseudocompact subgroup without non-trivial convergent sequences if and only if m(G/C(G)) 
|C(G)|.
In our next result we summarize what we have already obtained for the simple case of a direct product Z(a)α ×Tβ .
Theorem 2.17. Let G = Z(a)α × Tβ , where 1 < a < ω and α and β are infinite cardinal numbers.
(1) If α = αω and β = βω, then G contains a dense pseudocompact subgroup without non-trivial convergent se-
quences.
(2) If m(α)  2β and β = βω, then G contains a dense pseudocompact subgroup without non-trivial convergent
sequences.
(3) If β is a strong limit cardinal with countable cofinality then every dense subgroup of G has some non-trivial
convergent sequence.
Proof. (1) By Corollary 2.10, Tβ contains a dense pseudocompact subgroup D1 without non-trivial convergent se-
quences and, by Proposition 2.2, Z(a)α contains a dense pseudocompact subgroup D2 without non-trivial convergent
sequences. It is clear that D1 ×D2 is the desired subgroup.
(2) This follows from Theorem 2.8.
(3) Let D be a dense subgroup of G and denote by p :G → Tβ the projection on the second coordinate. By
Corollary 2 of [7], we know that every dense subgroup of p[D] has some non-trivial convergent sequence (p(an))n<ω .
Since p[D] is a subgroup of Tβ it is easy to see that the elements of this sequence can be chosen with unbounded order.
Now for each n < ω choose bn ∈ Z(a)α for which (bn, an) ∈ D. Then, the sequence (a(bn, an))n<ω = ((0, aan))n<ω
is contained in D, non-trivial and convergent. 
3. Equivalent conditions under GCH
In the preceding section, we proved that for a compact abelian group G with w(C(G))ω = w(C(G)) the condition
m(G/C(G)) |C(G)| guarantees the existence a dense pseudocompact subgroup of it without non-trivial convergent
sequences. This condition has been shown to be also sufficient under some additional hypothesis (Theorem 2.16). We
now proceed to prove, under the assumption of GCH, that this condition is indeed conclusive.
For an arbitrary abelian group G, r(G) stands its rank and r0(G) denotes its torsion-free rank = the cardinality of
a maximal independent subset of G consisting entirely of non-torsion elements.
The main idea in the proof of the following lemma was kindly pointed out to us by W.W. Comfort.
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G =
(∏
n∈F
Z(n)αn
)
×H,
where H is a direct product of cyclic groups such that r0(H) = |H |.
Proof. We first note that for every infinite F ⊆ ω and every α  ω, r0(∏n∈F Z(n)α) = |∏n∈F Z(n)α| = 2α , since∏
n∈F Z(n)α = (
∏
n∈F Z(n))α and r0(
∏
n∈F Z(n)) = c.
Assume now that the family A = {αn: n < ω} has no maximum. Then, every αk will have infinitely many αn’s
with αn > αk . The above argument shows that the torsion-free rank of
∏
n<ω Z(n)αn is at least 2αk , for every k < ω.
Hence, we must have the equality r0(G) = |G| = 2α with α = sup{αn: n < ω}.
Suppose that αn1 = sup{αn: n < ω} for some n1 < ω. It then follows that |G| = 2αn1 . We may assume that only
finitely many n’s satisfy αn = αn(1), for otherwise we would have by the first paragraph that r0(G) = |G|. Then,
consider A1 = A \ {αn1} and proceed, if possible, in the same way as before with A1. After a finite number of steps
the process cannot be further repeated because of the well-orderability of the cardinal numbers. Thus, we have found
finitely many cardinal numbers αn1 > αn2 > · · · > αnk such that either the set Ak = A \ {α1, . . . , αk} does not have
a maximum, or there are infinitely many n’s with αn = αnk := supAk . Setting F = {n < ω: αn /∈ Ak}, we have that
in both cases the group H =∏n∈ω\F Z(n)αn satisfies the condition r0(H) = |H |. This finishes the proof, since F is
finite and G splits as
G =
(∏
n∈F
Z(n)αn
)
×
( ∏
n∈ω\F
Z(n)αn
)
. 
Before we state our next lemma, we recall that a subgroup H of a torsion group G is called a basic group if the
following properties are satisfied:
(1) H is a direct sum of cyclic groups.
(2) H 3 is pure in G.
(3) G/H is divisible.
The relevant facts about purity that we shall need are that it is a transitive property (J pure H and H pure in G
implies J pure in G), that direct summands are pure subgroups and that bounded and pure subgroups are always
direct summands (see [11]).
Lemma 3.2. Let G be a compact abelian group. Then, there are a compact torsion group T and a subgroup H of G
such that
G = T ×H and G/C(G) ∼= T ×L,
where L = H/C(G) is a compact group with r0(L) = |L|.
Proof. Let us first assume that G is totally disconnected. Then, by Theorem 26.26 from [17], we know that Ĝ is a
torsion group. Then, we have that Ĝ decomposes as a direct sum
⊕
p∈P Γp of p-groups [11, Th. 8.4] and each of
these groups Γp will contain a basic subgroup Λp [21, Th. 9.32] which satisfies the following:
(1) Λp =⊕n<ω⊕αp,n Z(pn), where as usual ⊕αp,n Z(pn) stands for the direct sum of αp,n many copies of Z(pn).
(2) Λp is pure in Ĝ.
(3) The quotient Γp/Λp is divisible.
3 A subgroup H of an abelian group G is pure if every element of H that is divisible in G by some integer n is also divisible by n in H .
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Λ̂ = Λ̂0 × Σ̂,
where Λ0 and Σ are direct sums of cyclic groups, with Λ̂0 a torsion group of bounded order and r0(Σ̂) = |Σ̂ |. Since
Λ0 is pure in Λ and Λ is pure in Ĝ, Λ0 is a bounded order pure subgroup of Ĝ. Hence, there is a subgroup Θ of Ĝ
such that
Ĝ = Λ0 ⊕Θ
or, what is equivalent, such that
G = Λ̂0 × Θ̂.
The proof of this case will be done by putting H = Θ̂ and showing that r0(Θ̂) = |Θ̂|. Indeed, it is not hard to see that
the group Ĝ/Λ is isomorphic to Θ/Σ and it is divisible. Consider the annihilator Σ⊥ consisting of those characters of
Θ that vanish on Σ . We know that Σ⊥ is canonically isomorphic to the character group of Θ/Σ [17, Th. 23.25] and it
is therefore torsion-free (character groups of divisible groups are torsion-free [17, Th. 24.25]). Hence, r0(Σ⊥) = |Σ⊥|.
On the other hand, we know that the quotient Θ̂/Σ⊥ is canonically isomorphic to Σ̂ [17, Th. 24.11] and then
|Θ̂| = |Θ̂/Σ⊥| + |Σ⊥| = |Σ̂ | + |Σ⊥| = r0(Σ̂)+ r0(Σ⊥)
= r0(Θ̂/Σ⊥)+ r0(Σ⊥) = r0(Θ̂),
since Σ̂ was chosen so that r0(Σ̂) = |Σ̂ |.
Suppose that G is an arbitrary compact group. By the previous case, we know that G/C(G) = T × L with T a
torsion compact group and r0(L) = |L|. By dualizing, we find out that L⊥ ∼= T̂ is a direct summand of Ĝ, since T̂ is
a pure subgroup of Ĝ of bounded order ([21, Th. 9.36] and the fact that torsion subgroups are pure). Thus, we obtain
that G = T ×H for a subgroup H of G. It is evident that H/C(G) = L. 
We first recall the structure of abelian groups that is behind the proof of Lemma 2.8 as a way of having these facts
(and the terminology they convey) displayed for later reference.
For a compact abelian group G, we put d0 = d0(G) = r0(Ĝ). We remark that w(C(G)) = d0(G) provided that
d0(G) is infinite (see [17]). Arguing as in the proof of Lemma 2.7, every compact abelian group G can be sandwiched
by the following surjections:
Q̂d0 ×ΔG ψ1−−−−→ G ψ2−−−−→ Td0 ×G/C(G), (3.1)
where ΔG is the character group of D(t(Ĝ)).
We can go a bit further using Lemma 3.2 and put G/C(G) = T2 × L2 with T2 a compact torsion group and
r0(L2) = |L2|. We thus write
Q̂d0 ×ΔG ψ1−−−−→ G ψ2−−−−→ Td0 ×L2 × T2. (3.2)
Dualizing the inclusion Z → Q, we obtain a continuous group epimorphism π : Q̂ → T, so that π∗ : Q̂d0 → Td0
is the epimorphism given in the proof of Theorem 2.8. In the same vein σ :ΔG → G/C(G) is the dual epimor-
phism of the embedding t (Ĝ) → D(t(Ĝ)). In this context, the equality d0(G) = d0(G)ω together with the inequality
m(G/C(G)) 2d0(G) imply that G has a dense pseudocompact subgroup without non-trivial convergent sequences.
We are now ready to present, under GCH, a classification of the compact abelian groups G with w(C(G)) =
w(C(G))ω that admit pseudocompact dense subgroups without non-trivial convergent sequences. First, we will need
several preliminary lemmas.
The terminology introduced at the beginning of this section relating the structure of compact abelian groups will
be used without further indications.
Lemma 3.3. Let G1 × G2 and G′1 × G′2 be two products of groups and let φ1 :G1 → G′1 and φ2 :G2 → G′2 two
epimorphisms. Denote by π ′2 :G′1 ×G′2 → G′2 the projection on the second coordinate. If D is a subgroup of G1 ×G2
such that r0(π ′ [(φ1 × φ2)[D]]) > |G1|, then D contains an element of the form (0, x) such that φ2(x) is torsion-free.2
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where xη ∈ G2 for every η < α = r0(π ′2[(φ1 × φ2)[D]]). By assumption, we have that α > |G1|. Since φ2(xη) ∈
π ′2[(φ1 × φ2)[D]], for each η < α there is an element aη ∈ G1 such that (aη, xη) ∈ D. Notice that there are repe-
titions among the a′ηs. Thus, we can find two elements (a, xη) ∈ D and (a, xζ ) ∈ D with η = ζ and η, ζ < α. So,
(0, xη − xζ ) ∈ D. Put x = xη − xζ . Since φ2(xη) and φ2(xβ) are independent and torsion-free, we obtain that φ2(x) is
a torsion-free element. 
Lemma 3.4. Let G be a compact group and let D be a dense subgroup of G. If π2 is the second projection of the
product Td0 ×L2 × T2 as in (3.2) and r0(π2[ψ2[D]]) > 2d0 , then D has a non-trivial convergent sequence.
Proof. We set G1 = Q̂d0 , G2 = ΔG, G′1 = Td0 , G′2 = G/C(G) = L2 × T2, define π ′2 as the projection π ′2 :G → G′2
and consider the epimorphisms φ1 = π∗ and φ2 = σ (see the remarks on the structure of compact groups that follow
(3.1)). We know that φ1 × φ2 = ψ2 ◦ ψ1 and hence that π ′2[ψ2[D]]π ′2[(φ1 × φ2)[ψ−11 (D)]]. Since r0(π ′2[ψ2[D]])
r0(π2[ψ2[D]]), Lemma 3.3 can be applied to ψ−11 (D) to find (0, x) ∈ ψ−11 (D) such that φ2(x) is torsion-free. The
sequence ((0, n!x))n<ω is then contained in ψ−11 (D) and converges to 0 (this is by Lemma 2.11). On the other hand,
since (0, φ2(x))(φ1 × φ2)(0, x) = ψ2(ψ1((0, x))) is a non-torsion element, we also have that ψ1(0, x) is non-torsion.
Therefore, (n!ψ1((0, x)))n<ω is a non-trivial convergent sequence of D. 
Lemma 3.5. [GCH] Let K be a compact abelian group with r0(K) = |K|. If D is a dense pseudocompact subgroup
of K , then r0(D) log(w(K)).
Proof. Let D be a dense pseudocompact subgroup of K and let H be the subgroup generated by a maximal torsion-
free independent subset of D. Then, H is a free group of cardinality r0(D). Define now M = D∩ clKH . Since M is a
closed subgroup of D, D/M is a dense pseudocompact torsion subgroup of K/clKH . So, the latter topological group
is also a torsion group and then r0(clKH) = r0(K). We obtain in this way the following inequalities
|clKH | |K| = r0(K) = r0(clKH) |clKH |.
That is, |clKH | = |K|. Since we are assuming GCH, we must have that w(K) = w(clKH) and thus recalling that for
any compact group G, d(G) = log(w(G)), where d(G) stands for the density of G, we get that
log
(
w(K)
)
d(clKH) |H | = r0(D). 
Lemma 3.6. [GCH] Let G be a compact abelian group. Then, the following statements are equivalent:
(1) |C(G)| <m(L2).
(2) There is a continuous homomorphism j :G/C(G) → L onto a compact abelian group L such that r0(G/C(G)) =
r0(L) = |L| and m(L) > |C(G)|.
(3) |C(G)| <m(log(r0(G/C(G)))).
Proof. Suppose that GCH holds.
(1) ⇒ (2): This is an immediate consequence of the fact that G/C(G) = T2 × L2, where L2 is a compact abelian
group with r0(L2) = |L2| and T2 is a compact torsion group. It follows that r0(G/C(G)) = r0(L2) = |L2|m(L2) >
C(G) and that there is a quotient homomorphism from G/C(G) to L2.
(2) ⇒ (1): Let j :G/C(G) → L be a continuous epimorphism, where L is a compact abelian group such that
r0(G/C(G)) = r0(L) = |L| and m(L) > |C(G)|. Since |L| = r0(G/C(G)) = |L2|, we conclude that m(L2) =
m(L) > |C(G)|.
(1) ⇒ (3): It is known that r0(G/C(G)) = |L2|. Since we are assuming GCH, we have that either log(|L2|) = |L2|
or |L2| = 2log |L2|. From both cases we find that |C(G)| <m(log(|L2|)) = m(L2) [4, Th. 2.7].
(3) ⇒ (1): It is evident that
|C(G)| <m(log(r0(G/C(G))))= m(log(|L2|))m(L2). 
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Then, the following assertions are then equivalent:
(1) Every dense pseudocompact subgroup of G has a non-trivial convergent sequence.
(2) One of the following two conditions is satisfied:
(2a) For some n < ω, nG/C(G) is infinite and cf(w(nG/C(G))) = ω.
(2b) |C(G)| <m(log(r0(G/C(G)))).
Proof. (1) ⇒ (2): Suppose that both conditions (2a) and (2b) do not hold. According to Lemma 3.6, we must have
that |C(G)|  m(L2). By Theorem 2.8, we may assume that m(G/C(G)) > 2κ = |C(G)| and let us consider the
decomposition of G obtained in Lemma 3.2. Thus, G = T2 ×H , where T2 is a compact torsion group and H/C(G) =
L2. Notice that C(H) = C(G). Then, we that∣∣C(H)∣∣= ∣∣C(G)∣∣m(L2) = m(H/C(H)).
Hence, Theorem 2.8 provides a dense pseudocompact subgroup D2 of H without non-trivial convergent sequences.
On the other hand, the negation of (2a) implies that, for every n < ω, either nG/C(G) is finite or w(nG/C(G)) =
w(nG/C(G))ω (remember that we are assuming GCH). Then, Theorem 5 from [7] implies the existence of a dense
pseudocompact subgroup D1 of T2 without non-trivial convergent sequences. It follows that D1 × D2 is a dense
pseudocompact subgroup of T2 ×H = G without non-trivial convergent sequences.
(2) ⇒ (1): If G satisfies property (2a) Corollary 2 from [7] applies to obtain that all dense subgroups of G must
have a non-trivial convergent sequence. Now, let us assume that the inequality |C(G)| <m(L2) holds (this is possible
by Lemma 3.6). Put γ := w(L2). Then, we have that∣∣C(G)∣∣= 2κ < m(L2) (logγ )ω
and hence∣∣C(G)∣∣< logγ.
Let now D be a dense pseudocompact subgroup of G. Applying Lemma 3.5 to L2 and π2(ψ2[D]), we obtain that
r0(π2[ψ2[D]]) log(w(L2)) and so
r0
(
π2
[
ψ2[D]
])
 log(γ ) > 2d0 .
According to Lemma 3.4, D has a non-trivial convergent sequence. 
Corollary 3.8. [GCH] Let G be a compact abelian group of size  22c whose connected component has weight κ with
κ = κω. Then, every dense pseudocompact subgroup of G has a non-trivial convergent sequence if and only if G is
totally disconnected and non-torsion.
Proof. Assume first that every dense pseudocompact subgroup of G admits a non-trivial convergent sequence. Since
every |nG| |G| 22c , for every n < ω, by Theorem 3.7 and Lemma 3.6, we must have that |C(G)| < m(L2) and
either cf(w(nG)) > ω or nG is trivial, for every n < ω. The inequality |L2| |G| 22c implies that w(L2) 2c and
then we obtain that m(L2) c. We conclude that C(G) is trivial (otherwise, |C(G)| c). That G must be non-torsion
follows from Theorem 2.13.
If conversely G is totally disconnected and non-torsion, Lemma 2.11 may be applied. 
4. Some questions
Corollary 2.9 provides a vast family of compact groups having a dense pseudocompact subgroup without non-
trivial convergent sequences. The sufficient conditions expressed there have been found to be necessary in some cases
(Theorems 2.16 and 3.7), but the results in this paper still leave some open ends. The following series of questions
intends to isolate the difficulties we have not been able to avoid in this paper.
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G2 has a non-trivial convergent sequence. Can G1 × G2 admit a dense pseudocompact subgroup without non-trivial
convergent sequences?
Observe that the property of having a dense pseudocompact subgroup without non-trivial convergent sequences is
indeed finitely productive.
A negative answer to Question 4.1 would allow to remove the condition κω = κ from Theorem 3.7.
Question 4.2. Is Theorem 3.7 true in ZFC. In other words, is the condition (2b) in that theorem (which relates the
sizes of |C(G)| and r0(G/C(G))) really essential?
It follows from Theorem 2.17 that Z(2)ω1 ×Tc has a dense pseudocompact subgroup without non-trivial convergent
sequences. V.I. Malykhin and L.B. Shapiro [19] proved that the statement “Z(2)ω1 × Tc has a dense pseudocompact
subgroup without non-trivial convergent sequences” + “c is an arbitrary large possible cardinal” is consistent with
ZFC. On the other hand, Proposition 8 from [7] assures that under MA +¬CH every dense subgroup of either Z(2)ω1
or Z(2)ω1 × Tω1 has a non-trivial convergent sequence This suggests the following question.
Question 4.3. Is it true that Z(2)ω1 admit a dense pseudocompact subgroup without non-trivial convergent sequences
iff Tω1 does?
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